An analytical modelling is carried out to determine the Lamb wave's propagation behavior in a thermal stress relaxation type functionally graded material (FGM) plate, which is a composite of two kinds of materials. The mechanical parameters depend on the volume fractions, which are nonintegral power functions, and the gradient coefficient is the power value. Based on the theory of elastodynamics, differential equations with variable coefficients are established. We employ variable substitution for theoretical derivations to solve the ordinary differential equations with variable coefficients using the Taylor series. The numerical results reveal that the dispersion properties in some regions are changed by the graded property, the phase velocity varies in a nonlinear manner with the gradient coefficient, nondispersion frequency exists in the first mode, and the set of cutoff frequencies is a union of two series of approximate arithmetic progressions. These results provide theoretical guidance not only for the experimental measurement of material properties but also for their nondestructive testing.
Introduction
Since 1990s, functionally graded materials (FGMs) have attracted the interest of researchers from many engineering fields [1, 2] . The most popular application of FGMs is in thermal protection systems in aerospace structures. Composed of a mixture of a kind of metal and ceramic, their compositions vary from a ceramic-rich surface to a metal-rich surface. The volume fractions of metal and ceramic are functions of thickness, including polynomial, exponential, and power series functions [3] [4] [5] [6] .
In recent years, much attention has been devoted to guided waves in FGM structures for nondestructive evaluation. Many numerical solutions have been undertaken to divide an inhomogeneous medium into a multilayer model to investigate the wave propagation in inhomogeneous media [7] [8] [9] [10] [11] [12] . A homogenous assumption of the material parameters in each layer has been adopted for analysis by virtue of the finite element method. Many numerical methods, such as the finite element method, the transfer matrix method, and the scaled boundary finite element method, have been employed in the research of Lamb waves propagating in an FGM plate [7] [8] [9] [10] . Analytical solution has also been carried out on wave propagation problems in inhomogeneous structures. Several researchers have investigated various analytical solutions, such as the Wentzel-Kramers-Brillouin (WKB) method, special functions method, perturbation technique, the Legendre orthogonal polynomial series expansion, and the power series technique [13] [14] [15] [16] [17] [18] . The WKB method is consistently used in investigating horizontal shear waves in an inhomogeneous layered structure [13] . Special functions, such as the cylindrical and Airy functions, are applied to the solution of ordinary different equations when the variation in material parameters follows certain specific patterns [14, 15] . The perturbation method is used to solve the propagation problem where only one parameter varies slightly and smoothly [16] . Wu et al. studied the wave propagation problem in a functionally graded magnetoelectroelastic plate in electric and magnetic open boundary conditions using the Legendre orthogonal polynomial series expansion [17] . In this study, the material parameters are expressed as the Legendre polynomials. Hence, the material parameters may also be expressed as a Taylor series expansion. The power series technique is applied to the solution of guided waves in functionally graded layered structures when each material parameter can be rewritten as a Taylor series expansion [18] . Thus, this technique is suitable for the case where volume fractions are linear functions, polynomial functions, exponential functions, and so on. Based on these methods mentioned above, the Lamb wave's propagation behavior in various inhomogeneous plates or thin films has received much attention.
However, in engineering applications, the volume fractions are always power functions and the power value is not an integral [6] . Thus far, no report has yet been published on the analytical solution of the wave propagation behavior in a functionally graded composite with nonintegral power function volume fractions. In this study, we suppose that variations in material parameters occur according to the volume fractions, which are power functions of thickness with a noninteger power. Using the power series technique and variable substitution for theoretical derivations, we investigate the propagation behavior of Lamb waves in an inhomogeneous plate, including their variation in phase velocity, dispersion properties, nondispersion frequency, and cutoff frequency.
Statement of the Problem
Lamb waves propagating in an FGM plate, as shown in Figure 1 , are considered in this study. The thickness of the FGM plate is ℎ and the bottom and upper surfaces of the plate are traction-free.
The constitutive equations of the FGM plate can be expressed as
where and are the stress and strain tensors, respectively, and is the elastic coefficient, which varies continuously along the thickness direction.
The equation of motion is given by
where is the mass density, is the mechanical displacement component in the th direction, a comma followed by the subscript denotes space differentiation with respect to the corresponding coordinate , "the dot" represents the time differentiation, and the repeated index in the subscript implies the summation with respect to that index. The mechanical displacement is related to the strain by
Without loss of generality, the Lamb wave is assumed to propagate along the positive direction of the -axis. The mechanical displacement components and electrical potential may then be expressed as
Upon the following sequence of substitutions: (i) (4) into (3), (ii) modified (3) into (1), and (iii) new equation into (2), the following governing equations for the mechanical displacements can be obtained:
where 13 = 11 − 2 44 . For Lamb waves propagating in the FGM plate, the traction-free boundary conditions at the upper and bottom surfaces should be satisfied as follows:
2.1. Analytical Solutions. With reference to Figure 1 , the solution of Lamb waves propagating along the positive -axis of the FGM plate can be expressed as
where = √ −1 and = 2 / are the wave numbers, with being the wavelength, is the phase velocity, and ( ) and ( ) are amplitudes of the unknown amplitudes of the displacement components.
Motion equations in the FGM plate can be obtained by substituting (7) into (5) as
Normally, an FGM is a functionally graded composite of two kinds of materials, materials I and II, with varying thicknesses of the volume fraction of the materials. The parameters of the FGM plate are described as
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Some scientists have studied a kind of FGM in which volume fraction can be expressed as a polynomial. Others have investigated the FGM using volume fraction as the exponential function. In these studies, the volume fraction of materials may be expressed by Taylor series. Considering engineering applications, we suppose that the volume fraction of materials should satisfy
where is the gradient coefficient that is expressed as = / . Therefore, the material parameters of the FGM plate are assumed to be of the following functional form:
where 0 , 0 , and 0 are
44 ,
11 , and (1) and 0 + 1 , 0 + 1 ,
11 , and (2) , respectively. In view of the material properties given in (11), we definê
The following relation should be satisfied by
where is an arbitrary derivable function of . Therefore, (8) can be rewritten as equations with respect tôas follows:
The solution for (8) is also assumed to be
By substituting (15) into (14) and multiplyinĝ2 −2 on both sides, we obtain
In ( 
and and are also undetermined constants. Furthermore, by equating the coefficients of̂, ( ≥ − 1) in (16), a series of recursive equations are obtained as
Therefore, the solution for (8) may be rewritten as
where 0 , , 0 , and are the independent unknown coefficients.
To simplify these independent unknown coefficients, the following matrix is introduced:
where = 1∼4 and is a 4 × 4 unity matrix. Thus, (19) may be rewritten as
where the constants ( = 1∼4) are to be determined. For = 0 and = , and are defined by (20) . For the other values of , and may be determined by solving (18) , whereas and are replaced by and in these equations.
From (1), (3), and (21), we obtain the following stress components:
By substituting (21) into the boundary conditions, we then obtain a set of homogeneous linear algebraic equations for the undetermined constants ( = 1∼4). The sufficient and necessary condition for the existence of a nontrivial solution is that the determinant of the coefficient matrix has to vanish. The dispersion equation is
where = 1∼4, = 1∼4, and
Numerical Example and Discussion
Based on the dispersion relation in (23), numerical examples are given to illustrate the propagation behavior of Lamb waves in an FGM plate. In the numerical analysis, Cr and ceramic are chosen as materials I and II, respectively. Their material parameters are [18] as follows:
Cr:
11 = 279.2 GPa Ceramics:
44 = 118.11 GPa,
11 = 374.9 GPa.
Normally, the demission of elastic coefficients is different to that of density, and the longitudinal wave velocity and the shear wave velocity are dependent on the ratio of the elastic coefficients to the density. Therefore, in this study, we presented these in a nondimensional way. The profiles of the nondimensional material properties that vary with thickness are shown in Figure 2 .
The dispersion curves of the first four modes are plotted in Figure 3 , where the dimensionless wave number ℎ and phase velocity are used as the abscissa and ordinate, respectively. As shown in Figure 3 , in each mode, the phase velocity of Lamb waves in the FGM plate with = 0.5 is the largest, followed by that in the FGM plate with = 1. The phase velocity in the FGM plate with = 1.5 is the smallest. This phenomenon suggests that the phase velocity decreases when the gradient coefficient increases. For the convenience of nondestructive evaluation, the continuous relation between the phase velocity of Lamb waves in the FGM plate and the gradient coefficient is plotted in Figure 4 . The dimensionless wave number ℎ being and 2 signifies that the thickness of the plate is equal to half of one wavelength and one wavelength, respectively. The influence of the gradient coefficient on the phase velocity is nonlinear. The result is in good agreement with that in [18] , which discusses the discrete relation between the phase velocity and the gradient coefficient.
The dispersion properties are determined by the relationship between the phase velocity and the group velocity, which is defined as = / = + / . The physical meaning of the group velocity is the rate at which energy is transported. When the group velocity is greater than the phase velocity, this phenomenon is called anomalous dispersion. The opposite is called normal dispersion. When Lamb waves propagate in a homogenous plate, only anomalous dispersions occur in the first modes; normal dispersions exist in the second modes. When the Lamb waves propagate in an FGM plate, both anomalous and normal dispersions occur in the first and second modes. For example, in the first mode, the value of / varies from positive to negative. Thus, a point at which / is equal to zero exists. The phase velocity is implied to be equal to the group velocity at that point. We define the frequency of that point as the nondispersion frequency. The relation between gradient coefficient and the nondispersion frequencies of the first mode, , is plotted in Figure 5 , where the products of nondispersion frequency and thickness ℎ are used as the ordinate. The nondispersion frequency is not monotonic and reaches minimum when the gradient coefficient approximately equals 1. It implies that the nondispersion frequencies reach minimum when the variation rate of the material properties is constant. With wave number increases, the earliest peak of dispersion curves of the first mode appears when the material properties vary along thickness linearly.
Many interesting aspects of mode cutoff frequency may be used for corrosion detection and thickness measurement in a variety of different structures. For Lamb waves, frequency values occur whenever standing longitudinal or shear waves are present across the thickness of the plate. We select a series of small dimensionless wave numbers ℎ from 0.1 to 0.00001 and calculate the phase velocity. The limitation of the product of phase velocity and dimensionless wave number ℎ at ℎ → 0 is the product of the cutoff frequency and thickness ℎ. Table 1 lists products of thickness and cutoff frequencies ℎ for the Lamb waves propagating in the homogenous plate and the FGM plate. Table 1 shows that the set of the cutoff frequencies could be considered to be a union of two series of approximate arithmetic progressions. In Table 1 , the series of ℎ, = 1, 3, 4, 6, should be considered as one series of approximate arithmetic progressions. The differences approximately are 14.9, 14, 13.5, and 13 MHz⋅mm when the gradient coefficient is 0.5, 1, 1.5, and 2.5, respectively. While the series of 0, ℎ, = 2, 5, should be considered as another series of approximate arithmetic progression, the differences approximately are 26, 24, 23, and 22 MHz⋅mm when the gradient coefficient is 0.5, 1, 1.5, and 2.5, respectively. Let 6 ℎ− 
Conclusion
Variable substitution and the power series technique are used to solve Lamb waves' propagation problems in a functionally graded composite with nonintegral power function volume fractions. The continuous relation between the phase velocity and the gradient coefficients is obtained. The numerical results show that the phase velocity decreases as the gradient coefficient increases, nondispersion frequency exists in the first mode, and the set of cutoff frequencies is related to the gradient coefficient. Based on these results, three potential methods may be employed for nondestructive evaluation based on Lamb waves. These methods include phase velocity, nondispersion frequency, and cutoff frequency. The present theoretical study not only provides a method for solving the wave propagation problems in an FGM used in the thermal protection systems but also serves as guide for ultrasonic nondestructive evaluation.
